We present results of six-dimensional bound-state calculations of the vibrations of rigid water dimer based on two older and two very recent potential energy surfaces. The calculations are done by a new sequential diagonalization-truncation approach using the symmetrized angular basis presented most recently by Althorpe and Clary ͓J. Chem. Phys. 101, 3603 ͑1994͔͒ and a potential optimized discrete variable representation ͑DVR͒ in the monomer-monomer distance coordinate. The lowest ten or so states of each symmetry are apparently converged to 0.5 cm Ϫ1 using a coupled angular basis of Wigner rotation functions with J 
I. INTRODUCTION
Water dimer has been studied extensively for its important role in various fields of science. [1] [2] [3] [4] [5] [6] [7] An accurate intermolecular potential energy surface ͑PES͒ for water dimer is fundamental to the understanding of aqueous media required for a tremendous number of chemical and biological processes. Many PESs have been developed over the last few decades; [8] [9] [10] however none is capable of describing all of the measured properties of the water-water interaction satisfactorily. Recent progress in high resolution spectroscopic study of the vibration rotation tunneling ͑VRT͒ dynamics has allowed the determination and characterization of the approximate PES from experimental data. 11 But direct determination of the PES from experimental data is prohibitive due to the large number of degrees of freedom involved. Evaluations of several potentials using second virial coefficient data have recently been reported by Millot et al. 12 We use the nomenclature of this reference in this article for the PESs, i.e., ASP-S, ASP-W, ASP-W2 and ASP-W4.
Quantum mechanical bound state calculations based on the currently available PESs for dimers of rigid molecules are now capable of determining vibrational state tunneling splittings accurately for each PES used in the calculations. Comparisons of these predicted splitting patterns with those derived from high resolution spectroscopy should provide a good measure of the accuracy of the PESs with respect to the tunneling barriers between identical wells. Ideally such comparisons may provide a guide to improved surfaces. Several such studies have been carried out recently. With an adiabatic separation of the intermolecular distance from the angular motion, Althorpe and Clary 5 made the first attempt to calculate accurately the intermolecular bound states for the rigid water dimer. In their calculation, the five-dimensional ͑5D͒ angular part of the Hamiltonian was solved variationally at three values of intermolecular distance coordinate, R. Then an effective Hamiltonian in R was solved by fitting a Morse function to each set of angular energy levels. This permitted calculation of the approximate intermolecular ground vibrational states in a very reasonable fashion. The calculation was done for Kϭ0 and a angular basis of j 1 , j 2 р8 and m 1 ,m 2 р4. Their results showed that among the three potentials they used the anisotropic site potential 10 with Szczesniak's dispersive model 13 ͑ASP-S͒ potential gives the best agreement with experiment for the tunneling splittings. Later Althorpe and Clary 14 applied a new DVR-ISE ͑itera-tive secular equation͒ method to the calculation of the lowest energy levels for intermolecular angular motion of (H 2 )O 2 at a single R value. A larger basis was used, more accurate results were obtained, and they determined the basis size required for convergence (Jр11, m max р5). However, they did only the 5D angular calculation, not the fully coupled six-dimensional calculation, nor were the tunneling splittings recalculated.
More recently, Leforestier and co-workers 7 did a full six-dimensional calculation of the rigid dimer states using the Lanczos algorithm combined with a split Hamiltonian formulation. The final calculations were done for a basis up to j max ϭ10 ( j max ϭ12 for the RWK2 surface.͒ According to their calculation, none of the PESs describe the VRT dynamics correctly, in particular, the pattern of tunneling splittings. It should be noted that serious discrepancies appear to exist between the results of Althorpe and Clary and those of Leforestier et al. for identical potentials.
It is the purpose of the current paper to develop a new six-dimensional method for the fully coupled calculation, to resolve the existing discrepancy between the previous two calculations and to compare our calculations with experiment for four proposed potentials. 12 In the work described in the present paper, a sequential diagonalization truncation method was used to diagonalize the angular part of the Hamiltonian and then the radial part in successive steps. A new diagonalization truncation scheme was designed to deal with the ex-tremely large five-dimensional angular part of the Hamiltonian matrix. Four versions of anisotropic site potentials, ASP-S, ASP-W, ASP-W2 and ASP-W4 were used for the present calculations. The first two potentials were used in earlier calculations 5, 7 and differ only in the dispersion energy models, with ASP-S using Szczesniak et al.'s 13 model, and ASP-W using Rijks and Wormer's 15, 16 model. The latter two are recent modifications of the ASP-W potential. 12 Water dimer has a plane of symmetry at its equilibrium structure 17 ͑Fig. 1͒. The symmetry may be described by the G 16 permutation inversion ͑PI͒ group. Four tunneling pathways have been proposed for water dimer by Coudert and Hougen. [18] [19] [20] They labeled the eight nonsuperimposable structures resulted from the application of G 16 operations and refer to the tunneling motions as 1→ j. The largest contribution ͑1→4͒ to the tunneling splittings is probably due to the acceptor tunneling. This comes from the exchange of the two hydrogen atoms on the acceptor monomer. The next largest splitting ͑1→5͒ occurs when donor and acceptor monomers exchange roles by means of geared rotations in the plane, accompanied by the reorientation of the monomer axes. A smaller splitting ͑1→2͒ arise while the two donor hydrogen atoms switch positions. The smallest splitting ͑1→7͒ is predicted to come from antigeared in-plane rotation by which donor and acceptor exchange roles. They also defined matrix elements h jv 's. Each element h jv is proportional to the tunneling frequency associated with each 1→j. This article is organized as follows. In Sec. II the Hamiltonian and basis functions are described. In Sec. III diagonalization methods and other details in calculations are discussed. The convergence of the calculations are discussed in Sec. IV. In Sec. V comparisons of our calculations with two previous calculations as well as the experimental data are presented and discussed.
II. THEORY
Because of the high symmetry, water dimer has been characterized using the G 16 group. 21, 22 We follow the formulation of the Hamiltonian, basis functions and symmetry adaptation of the angular basis given by Althorpe and Clary. 5, 17 We state their definitions here for completeness.
A. The Hamiltonian
The calculations were performed in Jacobi moleculemolecule collision coordinates, with the H 2 O bond lengths and bond angles held fixed at their gas phase equilibrium values. 10 In the fragment fixed ͑FF͒ frame, the oxygen atom is at ͑0,0,0.122992͒, H 1 is at ͑Ϫ1.430130,0,Ϫ0.983934͒, and H 2 is at ͑1.430130,0,Ϫ0.983934͒ ͑all coordinates in atomic units͒. Each FF frame is oriented in the molecular fixed ͑MF͒ frame with a set of Euler angles (␣ i ,␤ i ,␥ i ). The body fixed z axis lies along the vector R which connects the centers-ofmass of the two monomers. The two FF frames are separated by the magnitude of R . Since overall rotational angular momentum is set to zero, ␣ 1 was set to zero. The Hamiltonian for the intermolecular motion of (H 2 )O 2 in collision coordinates at fixed H 2 O bond lengths and bond angles can be written as 5, 23 Ĥ ϭϪ 1 2R
where K 1 and K 2 are the monomer kinetic energy operators, K 12 is the kinetic energy operator for end-over-end rotation, and V is the intermolecular potential energy. In this coordinate system the terms K i (iϭ1,2) and K 12 5,23 are given within the coupled states ͑CS͒ approximation ͑i.e., without the Coriolis coupling terms͒ 
B. Basis
A potential optimized DVR ͑PODVR͒ 24 was used for the R coordinate. It was constructed by first determining the minimum potential energy ͑as a function of the five angles͒ for a large set of R values. This potential energy curve was then fit approximately by a Morse potential and a large 1D basis was diagonalized to yield accurate eigenfunctions in this potential. Using a subset of these eigenfunctions, the R coordinate was then diagonalized to provide the PODVR points as eigenvalues and the PODVR-finite basis representation ͑FBR͒ transformation. A five point DVR basis was used in the final calculations.
At each DVR point the angular part of the Hamiltonian matrix, Ĥ ang , was constructed using symmetry adapted combinations of the primitive angular basis functions
where
is a Wigner rotation matrix, and
͓ j ͔ϵ2 jϩ1. Under the symmetry adapted representation, the Hamiltonian matrix is block diagonal both in K ͑the eigenvalues of Ĵ z ) and in symmetries. Hence the diagonalization can be performed separately for each K value and each symmetry within the CS approximation. ͑For Jϭ0 there is no approximation.͒ Nonzero kinetic matrix elements between primitive basis functions are given in Appendix A.
C. Symmetry adapted basis
The permutation inversion symmetry of the water dimer can be characterized using the G 16 group. 21, 22 The group has eight nondegenerate representations (
and two doubly degenerate representations (E ϩ , E Ϫ ). The symmetry adapted basis functions are constructed as follows:
where m ϵϪm, and
. By setting each of the parameters s and p to be 0 and 1, and by constraining k 1 and k 2 to be even and odd, the functions in Eqs. ͑6͒ and ͑7͒ can be made to span the doubly and singly degenerate representations, respectively. The corresponding parameters settings are given in Table I . Detailed information about the basis partition is listed in Appendix B.
III. NUMERICAL METHODS

A. Integration of the potential
The potential subroutines were obtained from Clary ͑ASP-S and ASP-W͒ and Stone 10 ͑ASP-W2 and ASP-W4͒. The ASP-S and ASP-W potential routines were checked against those used by Leforestier and were found to be the same. The potential is obtained as a function of coordinates. Numerical integration is required to construct the potential matrix elements over the angular basis at a given value of R. At each R value, the potential matrix elements are partially integrated over the three azimuthal angles and stored in arrays for later use. Nominally this would yield:
͑9͒
If these partially integrated potential elements were to be stored, however, the size would be about 600 22 ). The primitive potential energy matrix elements were evaluated only once and were saved and used for all the rest of the symmetries. The calculations were done symmetry by symmetry,
B. Diagonalization of the Hamiltonian
The total Hamiltonian matrix was diagonalized in two steps with a modified sequential diagonalization/truncation method. [25] [26] [27] [28] A PODVR 24 was used for the R coordinate. At each DVR point for R, the five-dimensional angular part of the Hamiltonian matrix (Ĥ ang ) was diagonalized using a new diagonalization-truncation scheme which will be described below. The 5D eigenvectors were truncated such that the number of basis functions kept at each R is the larger of N R keep or the number with eigenvalues less than E trunc . The truncated matrices are then combined with the kinetic energy operator in R to form the matrix for final diagonalization. This produces basis sizes of ϳ12 000 for singly degenerate symmetries, and ϳ24 000 for doubly degenerate symmetries which are too large to fit into our computers. We used the following procedure to overcome this difficulty:
͑1͒ The procedure is illustrated in Fig. 3 . This sequential diagonalization/truncation process has two parameters ͑in addition to J max and m max ), N keep and J start . The dependence of the results on these parameters will be examined later.
From Table I , we note that the two degenerate levels of E states differ only trivially in that the values of k 1 , k 2 are switched. This implies they can be separated in the basis partition stage. The final diagonalization is then merely performed for one of them.
FIG. 5. Variation with the number of PO-DVR points in
The computational requirements for these calculations were substantial. The calculations were carried out on SGI R10000 processors and on a Sun Enterprise 450 machine ͑250 MHz͒, using about 500 Mbytes of memory. The potential matrix elements between primitive basis functions are evaluated once and used for each symmetry. The doubly degenerate symmetries required about 12 h CPU time per DVR point for the subsequent sequential diagonalization.
IV. CONVERGENCE
Althorpe and Clary 14 and Leforestier 7 have shown that a basis of J max up to 11, m max up to 5 and 14 quadrature points along the Euler angles are sufficient to converge the calculations. Since a new method is used for the diagonalization of the five-dimensional angular part, our calculations are affected by the number of truncations and the number of basis functions kept at each truncation, in addition to the usual factors such as basis size (J max , m max ), number of DVR points and number of quadrature points. Our final calculations were performed for j 1 , j 2 р11, m 1 ,m 2 р5. Five PODVR points were used for the R coordinate and 14 quadrature points along each of the five angles were used for the numerical integration of the potential functions. The 5D angular Hamiltonian matrix was truncated three times, i.e., starting from Jϭ8, and including the effects of Jϭ9, 10, 11 successively. This results in a reasonable truncated basis size of ϳ3000 for singly degenerate representations, and ϳ7000 for doubly degenerate representations for each diagonalization. Next we shall inspect the dependence of the accuracy and convergence on various factors. We show for each convergence parameter the changes in the energies of the lowest ten levels ͑for the symmetry noted͒ compared with the most accurate calculation done for the parameter in question.
We first examined the accuracy of the angular quadratures using a basis with J max ϭ11 and m max ϭ5. By increasing the number of quadrature points along each angle and observing the change of the final results, we estimate that the errors are within Ϯ0.01 wave numbers ͑Fig. 4͒. As single precision arithmetic was used, these errors are approximately round-off errors. The effect of the number of PO-DVR points was evaluated for the A 1 ϩ state. The calculation was done with five and then seven PO-DVR points and the differences for the lowest 10 states are shown in Fig. 5 9 . Predicted and calculated rms errors of lowest ten levels. ⌬E shows the predicted curves of the error from one truncation using the curves for two and three truncations. The data are the actual errors found. The curves are estimates made from the functional forms in Fig. 8 , where x is equal to J max ) while the data points are from real calculation. ͑ϩ͒ truncation three times, ͑छ͒ for truncation twice. , therefore, the errors of one-, two-and three-truncations from the exact ͑untruncated͒ results were computed and fitted to an exponential function of J max . The curves and data are shown in Fig. 8 . The value of the three-truncation function at J max ϭ11 predicts the rms error of the real calculation for the lowest ten states to be ϳ0.2 cm Ϫ1 . The error of the lowest state is expected to be even smaller. To test the predictive value of these functional forms, the J max ϭ10 calculation was done with one, two and three truncations, and the deviations of two-and three-truncational results from one-truncational results were computed. From the fitted curves, these deviations can be predicted by subtracting the one-truncation function from two-and three-truncation functions. The subtracted functions are plotted in Fig. 9 which also shows the two data points computed without truncation. It can be seen that the exponential fit gives good predictions. Overall, we believe our calculations yield the correct energies of the lowest five states of each symmetry for a given PES within Ϯ0.5 cm Ϫ1 . 
V. RESULTS AND DISCUSSIONS
The calculations were performed for total angular momentum Jϭ0 and Kϭ0. The data used in the calculations are given in Table II. 5 R OH is the H 2 O bond length, is the H-O-H bond angle, is the reduced mass of water dimer, and A, B and C are rotational constants of water.
When our results were compared with experimental data, 20 with the earlier estimates of Althorpe and Clary 5 and with those of Leforestier et al., 7 large discrepancies with Leforestier's data were found. In Table III we compare our ͑converged͒ calculations of the lowest few levels for two symmetries using the ASP-S potential with those of Leforestier et al. 7 Comparisons of the tunneling splittings are shown in Figs Table VI . The analysis on the h jv 's for ASP-S suggests that the potential overestimates the 1→2 and 1→5 tunneling. If the same analysis was tried on the other three potentials, we found that the ASP-W potential greatly underestimates the 1→4 tunneling, and overestimates the 1→2 and →5 tunneling; the ASP-W4 potential, compared to the original ASP-W potential, improved the barriers corresponding to donor-acceptor exchange tunneling motion ͑1→5 and 1→7͒, but is further off in overestimating 1→2 tunneling.
VI. CONCLUSIONS
We have used a new sequential truncation approach to evaluate the eigenfunctions and eigenvalues of the rigid water dimer in six dimensions for four PESs. We find good agreement with the earlier somewhat more approximate calculations of Clary's group. 5 We conclude, in contrast to the work of Leforestier et al. , that the ASP-S potential does give tunneling splittings in much better agreement with the experiment than the ASP-W, ASP-W2, or ASP-W4 potentials recently developed.
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APPENDIX A:
Nonzero matrix elements over K 1 are given by 
͑A4͒
where C jm Ϯ ϭͱj( jϩ1)Ϫm(mϮ1).
APPENDIX B:
This appendix gives the method of partitioning the basis by symmetry.
Singly degenerate states
According to Eq. ͑7͒, only j 2 у j 1 needs to be considered to avoid counting the basis twice. Similarly, according to Eq. ͑6͒: 
